Abstract. Impulsive differential equations are important in simulation of processes with jump conditions. Although there are quite a few studies on the oscillation properties of low order equations, there are not too many studies of higher order equations. In this paper, we derive several oscillation criteria which are either new or improve several recent results in the literature. In addition, we provide several examples to illustrate the use of our results.
Introduction
Impulsive differential equations are used to simulate processes and phenomena observed in control theory, physics, chemistry, population dynamics, biotechnologies, industrial robotics, etc., and therefore their qualitative properties are important. There are now quite a few studies that are concerned with the oscillatory properties of these equations (see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and the references contained therein). Among these studies, equations involving higher order derivatives of the unknown functions are relatively scarce. This paper is motivated by several recent studies [11, 10, 12] of such higher order equations. Zhang and Yang in [11] considered even order linear differential equations with impulses of the form
(r(t)x (n−1) (t)) ′ + p(t)x = 0, t ≥ t 0 , t = t k ,
k x (i) (t k ), i = 0, 1, . . . , n − 1, k = 1, 2, . . . ,
0 , i = 0, 1, . . . , n − 1, where n is even and 0 ≤ t 0 < t 1 < · · · < t k < · · · such that lim k→∞ t k = +∞, p(t) > 0. Pan et al. in [10] considered nonlinear differential equations with impulses of the form (2)      x (n) (t) + f (t, x) = 0, t ≥ t 0 , t = t k ,
k (x (i) (t k )), i = 0, 1, . . . , n − 1, k = 1, 2, . . . , (r(t)x (n−1) (t)) ′ + q(t)x (n−1) (t) + f (t, x) = 0, t ≥ t 0 , t = t k ,
k (x (i) (t k )), i = 0, 1, . . . , n − 1, k = 1, 2, . . . ,
0 , i = 0, 1, . . . , n − 1, with the same conditions on n and {t k }.
Before stating the conditions on a
k , r(t), q(t), g
k (u) and f (t, u) in the above equations, let us first state what we like to present first. In this paper, we study the oscillatory properties of nonlinear differential equation with impulses of the form (4)      (r(t)x (n−1) (t)) ′ + f (t, x) = 0, t ≥ t 0 , t = t k ,
0 , i = 0, 1, . . . , n − 1, where x (0) (t) = x(t), n is even and 0 ≤ t 0 < t 1 < · · · < t k < · · · such that lim k→∞ t k = +∞, for i = 0, 1, . . . , n − 1. g [i] k , i = 0, 1, . . . , n − 1 and k = 1, 2, . . . , are real functions and x [i] 0 , i = 0, 1, . . . , n − 1, are real numbers. By a solution of (4), we mean a real function x = x(t) defined on [t 0 , +∞) such that:
0 for i = 0, 1, . . . , n − 1; (II) x (i) (t), i = 0, 1, . . . , n − 1 and (r(t)x (n−1) (t)) ′ are continuous on [t 0 , +∞)\{t k }; for i = 0, 1, . . . , n − 1, x (i) (t + k ) and x (i) (t − k ) exist, x (i) (t − k ) = x (i) (t k ) and x (i) (t
k (x (i) (t k )) for any t k ; (III) x(t) satisfies (r(t)x (n−1) (t)) ′ + f (t, x(t)) = 0 at each point t ∈
[t 0 , +∞)\{t k }.
A solution of (4) is said to be non-oscillatory if it is eventually positive or eventually negative. Otherwise, it is said to be oscillatory.
We will establish oscillatory results based on combinations of the following conditions: (i) f (t, x) is continuous on [t 0 , ∞) × (−∞, +∞), xf (t, x) > 0 for x = 0, and f (t, x)/ϕ(x) p(t), where p(t) is positive and continuous on
k (x) are continuous in (−∞, +∞) and there exist positive numbers a
and
In [11] , the authors assumed that there are constant numbers a and M such that : 0 < a < r(t) ≤ M for t ∈ [t 0 , +∞), and in [12] , Pan assumed that r(t) is differentiable. If we examine the conditions in (i) through (v), such assumptions are not needed here. Therefore, oscillation criteria based on our conditions will either be new or improve some, if not all, of the previous results in [11, 10, 12] .
Our plan is the following. We first obtain four theorems (Theorems 1-4) to ensure every solution of (4) is oscillatory. We will also illustrate our results with several examples. Next, we state two results (Theorems 5 and 6) which show that the differentiability condition of r(t) can be canceled. Next we state two more results (Theorems 7 and 8) which are new oscillation criteria for (3). Next we state four new results (Theorems 9-12) for (1). In particular, Theorem 10 improves Theorem 1 in [11] in that the boundedness condition on r(t) can be removed from it.
Main results
The main results of the paper are as follows.
Theorem 1. Suppose n ≥ 2, r(t) > 0 and r(t) is continuous on [t 0 , +∞). Assume that the conditions (i), (ii) and (iv) hold. Suppose further that a
Then every solution of (4) is oscillatory. 
Then every solution of (4) is oscillatory.
It is easy to see that in case the condition (6) (or (7)) is changed to
our Theorem 1 (respectively Theorem 2) is invalid. However, in these cases, we have two new results. k ≤ 1 for k ≥ k 0 , and
Theorem 4. Suppose n 2 is even, r(t) > 0 and r(t) is continuous on
where 
here
Here, we do not assume that r(t) is bounded, monotonic or differentiable. It is not difficult to see that conditions (i), (ii), (iii), (iv) and (v) are satisfied. Furthermore,
Thus by Theorem 3, every solution of (12) is oscillatory.
. It is not difficult to see that conditions (i), (ii), (iii), (iv) and (v) are satisfied. Also,
and for δ = 1, 2, . . . ,
So, by Theorem 4, every solution of (13) is oscillatory. But the ordinary differential equation
has a nonnegative solution x(t) = √ t. This example shows that impulses play an important role in oscillatory behavior of equations under perturbing impulses, and that in case the numbers a (0) k are large, it is more appropriate to apply Theorem 4 instead of Theorem 3.
To prove our Theorems, we need the following Lemmas. 
Lemma 2. Suppose that conditions (i), (ii) and (iv) hold and x(t) is a solution of (4). We have the following statements:
(a) If there exists some T ≥ t 0 such that x (n−1) (t) > 0 and (r(t)x (n−1) (t)) ′ ≥ 0 for t ≥ T , then there exists some
Proof. (a) Without loss of generality, we may assume that T = t 0 , x (n−1) (t) > 0 and (r(t)x (n−1) (t)) ′ ≥ 0 for t ≥ t 0 . We assert there exists some j such that
If this is not true, then for any t k > t 0 , we have
is increasing on intervals of the form (t k , t k+1 ], we see that
. Similarly, for (t 2 , t 3 ], we have
By induction, we know that
From condition ( ii ), we have
Then from (15) and (16), we see that
That is (17)
Note that a
k > 0 and the second equality of condition (iv) holds. Thus we get x (n−2) (t) > 0 for all sufficiently large t. The relation x (n−2) (t) ≤ 0 leads to a contradiction. So there exists some j such that t j > T and x (n−2) (t j ) > 0. Since x (n−2) (t) is increasing on intervals of the form (t j+λ , t j+λ+1 ] for λ = 0, 1, 2, . . . , thus for (t j , t j+1 ], we have
Similarly, for (t j+1 , t j+2 ],
We can easily prove that, for any positive integer λ ≥ 2 and t ∈ (t j+λ , t j+λ+1 ],
. Similarly, for t ∈ (t 2 , t 3 ], we have
. By induction, we know that
From condition (ii), we have
Then from (18) and (19), we see that
That is (20)
k > 0 and the first equality of condition (iv) holds. Thus we get x (i−1) (t) > 0 for all sufficiently large t. The relation x (i−1) (t) ≤ 0 leads to a contradiction. So there exists some j such that t j > T and
Since x (i) (t) > 0, we see that x (i−1) (t) is strictly monotonically increasing on (t j+m−1 , t j+m ]. For (t j , t j+1 ], we have
By induction, for (t j+m−1 , t j+m ], we have x (i−1) (t) > 0. So when t ≥ t j+1 , we have
Summing up the above discussion, we know that there exists some T 1 ≥ T such that
The proof of Lemma 2 is complete.
Remark 2. We may prove in similar manners the following statements:
(a ′ ) If we replace the condition (a) in Lemma 2 "x (n−1) (t) > 0 and (r(t)x (n−1) (t)) ′ ≥ 0 for t ≥ T " with "x (n−1) (t) < 0 and (r(t)x (n−1) (t)) ′ ≤ 0 for t ≥ T ", and under conditions (i), (ii) and (iv), then there exists some
for t ≥ T " with "x (i) (t) < 0 and x (i+1) (t) ≤ 0 for t ≥ T " and under conditions (i), (ii) and (iv), then there exists some T 1 ≥ T such that
Lemma 3. Let x = x(t) be a solution of (4) and conditions (i), (ii) and (iv) hold.
(a) If there exists some T ≥ t 0 such that x(t) > 0 and (r(t)
If there exists i ∈ {1, 2, . . . , n − 1} and some T ≥ t 0 such that x(t) > 0 and
Proof. (a) We first prove that x (n−1) (t) > 0 for any t k ≥ T . If this is not true, then there exists some t j ≥ T such that x (n−1) (t j ) ≤ 0. Since r(t) > 0 and r(t)x (n−1) (t) is strictly decreasing on (t j+m , t j+m+1 ] for m = 0, 1, 2, . . . and for t ∈ (t j , t j+1 ], we have
Similarly, for t ∈ (t j+1 , t j+2 ], we have
We can easily prove that, for any positive integer n ≥ 2 and t ∈ (t j+n , t j+n+1 ], we have
Hence, x (n−1) (t) < 0 for t ≥ t j+1 . By the result (a ′ ) of Remark 2, for sufficiently large t, we have x (n−2) (t) < 0. Using the result (b ′ ) of Remark 2 repeatedly, for all sufficiently large t, we get x(t) < 0. This is contrary with x(t) > 0 for t ≥ T . Hence, we have x (n−1) (t k ) > 0 for any t k ≥ T . So we get x (n−1) (t) > 0 for all sufficiently large t.
(b) We first prove that x (i−1) (t k ) > 0 for any t k ≥ T . If this is not true, then there exists some t j ≥ T such that x (i−1) (t j ) < 0. Since x (i−1) (t) is strictly monotony decreasing on (t j+n , t j+n+1 ] for n = 0, 1, 2, . . . and for t ∈ (t j , t j+1 ], we have
We can easily prove that for any positive integer n ≥ 2 and t ∈ (t j+n , t j+n+1 ], we have
Hence, x (i−1) (t) < 0 for t ≥ t j+1 . By the result (b ′ ) of Remark 2, for sufficiently large t, we have x (i−2) (t) < 0. Similarly, by using the result (b ′ ) of Remark 2 again, we can conclude that for all sufficiently large t, x(t) < 0.
That is contrary with x(t) > 0 for t ≥ T . Hence, we have x (i−1) (t k ) > 0 for any t k ≥ T . So we get x (i−1) (t) > 0 for all sufficiently large t. The proof of Lemma 3 is complete.
Lemma 4. Let x = x(t) be a solution of (4) and conditions (i), (ii) and (iv) hold. Suppose that T ≥ t 0 and x(t) > 0 for t ≥ T . Then there exists some T ′ ≥ T and odd number l ∈ {1, 3, . . . , n − 1} such that for t ≥ T ′ ,
(r(t)x (n−1) (t)) ′ < 0.
Proof. Let x(t) > 0 for t ≥ T . By (4) and condition (i), we have
By the result (a) of Lemma 3, there exists some T 1 ≥ t 0 such that x (n−1) (t) > 0 for t ≥ T 1 . Without loss of generality, we may let
If there exists some t j such that x (n−2) (t j ) ≥ 0, since x (n−2) (t) is strictly monotony increasing and a
Thus there exists some T 2 ≥ T 1 such that x (n−2) (t) > 0 for t ≥ T 2 . So one of the following statements hold:
If (A 1 ) holds, by the result (b) of Lemma 2, x (n−3) (t) > 0 for all sufficiently large t. Using the result (b) of Lemma 2 repeatedly, for all sufficiently large t, we can conclude that
If (B 1 ) holds, by Lemma 3, we have for all sufficiently large t. Similarly, there exists some T 3 ≥ T 2 such that one of the following statements hold:
Repeating the discussion above, we can get eventually that there exist some T ′ ≥ T and l ∈ {1, 3, . . . , n − 1} such that for
The proof is complete.
We now turn to the Proof of Theorem 1. Without loss of generality, we may assume that k 0 = 1. If (4) has a nonoscillatory solution x = x(t), we may assume that x(t) > 0 for t ≥ T 1 ≥ t 0 . By Lemma 4, there exists a T ≥ T 1 ≥ t 0 and an integer l ∈ {1, 3, . . . , n − 1} such that for t ≥ T ,
. We see that φ(t) > 0 for t ≥ T . By (4), (23) and the condition (i), we get
From the conditions (ii), (iii) and note that a [0]
k ≥ 1, we know that
From (24), (25) and Lemma 1, we get for t ≥ T φ(t) ≤ φ(T + )
It is easy to see from (6) and (26) that φ(t) < 0 for sufficiently large t. This is contrary to φ(t) > 0 for t ≥ T. Thus every solution of (4) is oscillatory. The proof of Theorem 1 is complete.
Next we give
Proof of Theorem 2. Let x = x(t) be a nonoscillatory solution of (4), without loss of generality, we may assume that x(t) > 0 for t ≥ T 1 ≥ t 0 . By Lemma 4, there exists a T ≥ T 1 ≥ t 0 and an integer l ∈ {1, 3, . . . , n − 1} such that for t ≥ T ,
Let φ(t) = r(t)x (n−1) (t). We see that φ(t) > 0 for t ≥ T . By (4), (27) and the condition (i), we have
Let t α ≥ T. It follows from condition (ii) that
From (28), (29) and Lemma 1, we get for t ≥ t α ,
Since x ′ (t) > 0, we can easily get x(s) > t α <t k <s a ϕ(x(s)) ≥ ϕ(
From (30) and (31), we have
It is easy to see from (7) and (32) that φ(t) < 0 for sufficiently large t. This is contrary to φ(t) > 0 for t ≥ T. Thus every solution of (4) is oscillatory. The proof of Theorem 2 is complete.
We now give
Proof of Theorem 3. Without loss of generality, we may assume that k 0 = 1. If (4) has a nonoscillatory solution x = x(t), we may assume that x(t) > 0 for t ≥ T 1 ≥ t 0 . By Lemma 4, there exists a T ≥ T 1 ≥ t 0 and a positive integer l ∈ {1, 3, . . . , n − 1} such that for t ≥ T ,
It is easy to see that x(t) is strictly monotony increasing in [T, +∞). We assert that (35)
Indeed, by (4) and condition (i), for t ≥ T and t = t k , we have
By Lemma 4, we get x (n−1) (t) > 0. From condition (ii), we have
Since r(t) > 0 and r(t) is continuous, we have
Let m(t) = r(t)x (n−1) (t). Then from (37) and (38), we have
Applying Lemma 1, we get for t ≥ T,
Oscillations of a higher order nonlinear differential equations with impulses

589
That is
It is easy to see from the above inequality that (35) is true. Let l = 1, 3, . . . , n − 3. Now we prove (36) holds. In fact, from condition (ii), we have
Let s(t) = −x (n−2) (t), then s(t) ≥ 0 and from (35) we have
By Lemma 1, we get
It follows that
In view of conditions (ii), (iii) and (41), we have for t ≥ T ,
From condition (ii), we have for t ≥ T , (42)
From (42), (43) and Lemma 1, we have
In view of conditions (ii), (iii) and (44), we have for t ≥ T ,
So when l = n − 3, (36) holds. By induction, we may get (36). First of all, we will prove that the conclusion is true when n = 2. Noting that when n = 2, l = n − 1(= 1) in (33), from (35), we have
Noting that xϕ(x) > 0 for x = 0 and ϕ ′ (x) ≥ 0, by (34) we get (47) ϕ(x(u)) ≥ ϕ(x(t)), u > t.
By (54) and (47), we have
On the other hand, we easily see from (34) that for t ≥ 2T ,
From (48) and (49), we have for t ≥ 2T ,
By (8), (50) and condition (v), a contradiction is reached if we let t → +∞. Thus every solution of (4) is oscillatory.
Next, we will show that the conclusion is true when n ≥ 4. Let n ≥ 4. If l = n − 1, let v(t) = −x (n−2) (t). In view of (35) and note that x (n−2) (t
Applying the conditions (ii), (iii) and Lemma 1, we have
Similarly, we can get
Repeating the above argument, we get
From (55) and (49), we have for t ≥ 2T ,
By (9), (56) and condition (v), a contradiction is reached if we let t → +∞. Thus every solution of (4) is oscillatory. If l ∈ {1, 3, . . . , n − 3}, we consider two cases as follows: Case 1: l = 1. From (36), we have
From (47) and (55), it follows that
From (49), (58) and our assumption on b
k , we have By (9), (59) and condition (v), a contradiction is arrived if we let t → +∞. Case 2: 2 < l ≤ n − 3. From (36), we have
Applying Lemma 1 and conditions (ii), (iii), we see that
That is, (63)
Proceeding inductively, we have
Similar to (58), we find
Oscillations of a higher order nonlinear differential equations with impulses
595
From (49) and (65), we have
By inequalities (9), (66) and condition (v), a contradiction is reached if we let t → +∞. Thus every solution of (4) is oscillatory. The proof of Theorem 3 is complete.
Finally, we give
Proof of Theorem 4. Without loss of generality, we may assume that k 0 = 1. If (4) has a nonoscillatory solution x = x(t), we may assume that x(t) > 0 for t ≥ T 1 ≥ t 0 . By Lemma 4, there exists a T ≥ T 1 ≥ t 0 and an integer l ∈ {1, 3, . . . , n − 1} such that for t ≥ T ,
Since x(t) > 0, condition (ii) holds and a
[0]
k ≥ 1, we are led to (34). According to the first part of the proof of Theorem 3, we also have
From condition (ii), ϕ ′ (x) ≥ 0 and ϕ(ab) ≥ ϕ(a)ϕ(b) for any ab > 0, we see that
By Lemma 1, for t < u, we have
First of all, we will prove that the conclusion is true when n = 2. It follows from (68) that
By (73) and (74), we obtain
From (75) and (49), we have for t ≥ 2T ,
By (10), (76) and condition (v), a contradiction is obtained if we let t → +∞. Thus, every solution of (4) is oscillatory. Next, we will prove that the conclusion is true when n ≥ 4. Let l = n−1. From (68), by the same idea in the proof of (54) in Theorem 3, we have
It follows from (73) that
From (49) and (78), we have for t 2T,
By (11), (79) and condition (v), a contradiction is obtained if we let t → +∞. Thus, every solution of (4) is oscillatory. If l ∈ {1, 3, . . . , n − 3}, we consider two cases as follows:
From (73) and (80), we have
From (58) and (81) and our assumption on ϕ(a
k ≥ 1, we have Relations (11), (82) and condition (v) lead to a contradiction if we let t → +∞. Case 2: 2 < l ≤ n − 3. By the same idea in the proof of (64) Thus by Theorem 7, every solution of (93) is oscillatory. Note that r(t) is not differentiable, so we cannot make conclusion about the oscillatory behavior of (93) by results in [11] .
Next, for equation (1), we will also be able to obtain some new results. It is easy to see that (1) has the form of (4) by setting f (t, x(t)) = p(t)x(t) and g [i] k (x (i) (t k )) = a Remark 4. For equation (1), we did not require r(t) to be bounded. Thus our Theorem 10 improves Theorem 1 in [11] and our Theorems 9, 11 and 12 are new results for equation (1) .
